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Neoclassical growth model - no uncertainty

ot 1@177 —1
max T
ek} g P 1—v
s.t.
Ct —+ kt—l—l = k? —+ (1 — (S)kt
kq is given

& 7= Boy |kt 41— 0]
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Neoclassical growth model - no uncertainty

When we substitute out consumption using the budget constraint we
get

(kf + (1= 0)kt —key1) "

p (kﬁl + (1= ki1 —key2) 7 [Dékf:ll +1- (5] ,
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General specification |

flx,x,y,y) =0.

e X : ny X 1 vector of endogenous & exogenous state variables

e y: ny X 1 vector of endogenous choice variable
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General specification |l

Model:

f(x",x',x)=0
for a known function f(-).

Solution is of the form:

Thus,
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Neoclassical growth model again

f(K k', c)=
[ T4 B() T [,x K1 (5] ]

—c—K+k+(1-90)k

Solution is of the form:

Thus,

—g(k)™7 + Bg(h(k))~7 [ah(k)** +1 — 4]
—g(k) — h(k) + K* + (1 — &)k
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Neoclassical growth model again

(—=k*—(1=0)k—K)™7
f(K", K, k) = +
B((K)*+ (1 =)k —K") ™" [a(k)* 1 +1-¢],
for known values of «, 4, and 7y
Solution is of the form: k' = h(k)
Thus
F(k) =
(K = (1= &)k — h(k) T+
B (h(k)* + (1 = 8)h(k) — h(h(k))) ™™ [ah(k)*~ +1 -],
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Key condition
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Linear, Log-linear, t(x) linear, etc

o All first-order solutions are linear in something
e Specification in last slide

e — solution that is linear in the level of k
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Linear, Log-linear, t(x) linear, etc

e How to get a solution that is linear in k = In(k)?

e write the f(+) function as

(— exp (ak) — (1 - 5)+exp (k) —exp (K)) "
f(K' K k) = B (exp (1)(7(/) +(1—4)exp (7{’) — exp (7{”))77
[wexp ((« — 1K) +1— 6]
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Linear, Log-linear, t(x) linear, etc

e How wo get a solution that is linear in k = t(k)?
e Write the f(-) function as

(
B((tne®))" + (1= 0) (tnel®)) = (@) " x
{D‘ <tinv(lzl)>
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Numerical solution

Let
That is

Taylor expansion
_7)\2
hE) + (x — DN (%) + %

_7)2
= P —T) +R 2")

Q

h(x) W (x)+ -

e Goal is to find X, hy, hy, etc.
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Solving for first-order term

F(x)=0 Vx

Implies
Fl(x) =0 Vx
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Definitions

Let
af (x”, ', x)
ax//
of (x",x, x)
ox'
of (x”, ', x)
dx

Note that

Global method

X'=x'=x=x

X' =x'=x=Xx

x'=x'=x=x

Linear-Quadratic
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Key equation

Fl(x) =0 Vx

or

/ of oh(x')oh(x) = of oh(x)  of
Flx) = ox'" ox!'  ox +@ ox +8x

can be written as
N z72 T oz
F'(X) =fihi +fol+f3=0

e One equation to solve for /1;

Linear-Quadratic
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Key equation

F(x)=0 Vx
, of oh(x)oh(x) = of oh(x)  of _
Flx) = Jdx’ odx'  dx + ox' ox *ox ox

can be written as

F'(x) :J?ﬁ% +fo+f3=0

e One equation to solve for h;

Linear-Quadratic

e Hopefully, the Blanchard-Kahn conditions are satisfied and

there is only one sensible solution
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Solving for second-order term

F(x)=0 Vx

Implies
F'(x)=0 Vx
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Definitions

Let
aZf(x//’ x/, x)
ox'"ox

x'=x'=x=x

and note that

0%h(x)
ox?
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.
Key equation

F'(x) =0 Vx
or
F'(x) =

<aZf 8h(x’)8h(x)+ 0%f ah(x)+ 0%f ) <8h(x’)8h(x))
ox'"2 ox'  ox  ox"ox’ ox  ox'ox Jx’  dx
N of (E)h(x’) 0%h(x) N 0%h(x") oh(x) ah(x))
ox" \ ox'  ox? 0x'2  oJdx  oOx

n < 0*f oh(x') oh(x) n 02f oh(x) n 0%f > oh(x)

ox'x" ox'  ox ox'2  ox ox'ox ) ox

of 0%h(x)
2 / o 8x22 2
N ( 9°f oh(x") oh(x) N 9f oh(x) +ﬂ)

oxx"” ox!  ox oxox’ Ox ox2

_|_
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Key equation

Which can be written as
o 2 o~ N2 = —— —
F'(x) = <f11h1 + f1oM Jrfm) hy + f1(hihy + hahy)
_l’_
(lehl + fool Jrfze;) hy + foha + (f31h1 + 3 +f33> =0

e One linear equation to solve for fy



No uncertainty With uncertainty Global method Linear-Quadratic

Discussion

e Global or local?
e Borrowing constraints?

e Quadratic/cubic adjustment costs?
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Neoclassical growth model with uncertainty

t— 1‘7} -1
max E
ek} ! Zﬁ -
s.t.
ct + kt+1 = eXp(@t)kttX + (1 — (S)kt (3)

0: = pb;_1 + ey, (4)
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General specification

Ef (x,x,y,y') = 0.

e x: 1y X 1 vector of endogenous & exogenous state variables
e y:ny x 1 vector of endogenous choice variable
e Stochastic growth model: y = ¢ and x = [k, 6].
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Essential insight #1

e Make uncertainty (captured by one parameter) explicit in
system of equation

Ef (x,x",y,y/,0) = 0.
Solutions are of the form:

y=g(x,0)

and
/

x' = h(x,0) + oné
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Neoclassical Growth Model

e For standard growth model we get

Ef([k, 6], [K', 00 +c€'],y,y') =0

Solutions are of the form:

c=c(k,8,0) (5)

S)-[)eli)e m

and
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Essential insight #2

Perturb around y, x, and 0.

g(x,0) =¢g(x,0) + ¢x(x,0)(x — %) + go(X,0)0 + - - -

and

h(x,0) = h(%,0) + hye(%,0)(x — X) + ho(%,0)0 + - - -
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Goal

Let

Goal: to find
o (ny x ny) matrix g, (n, x 1) vector g, (ny X ny) matrix
2 (nx x 1) vector Iy

h
e The total of unknowns =
(ny+ny) X (nx +1) =n x (ny +1).
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More on uncertainty

Results for first-order perturbation
e3, =hy=0
Results for second-order perturbation
3 =hoxy=0butg, #0andhs #0

How to model discrete support?
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Theory

If the function is analytical = successive approximations
converge towards the truth

Theory says nothing about convergence patterns
Theory doesn’t say whether second-order is better than first
For complex functions, this is what you have to worry about
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Example with simple Taylor expansion

Truth:

f(x) = —690.59 + 3202.4x — 5739.45x
+4954.2x% — 2053.6x* + 327.10x°

defined on [0.7,2]
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truth and level approximation of order: 1

10 T T T T

.10 1 1 1 1 1 1

0.8 1 1.2 1.4 1.6 1.8 2
truth and level approximation of order: 2
100 T T T T
80 A
60 b
40+ b
20+ b
0 %
| | | | | |

0.8 1 1.2 1.4 1.6 1.8 2

Figure: Level approximations
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truth and level approximation of order: 3

100 T T T T
50 - b
0
L L L L L L
0.8 1 1.2 14 1.6 1.8 2
truth and level approximation of order: 4
0 T T — 1T
-100 - b
-200 - b
_300 L L L L L L L \7
0.8 1 1.2 14 1.6 1.8 2
truth and level approximation of order: 5
10 T T T T
0
10 L L L L L L

0.8 1 1.2 1.4 1.6 1.8 2

Figure: Level approximations continued
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Approximation in log levels

Think of f(x) as a function of z = log(x). Thus,

f(x) = —690.59 + 3202.4 exp(z) — 5739.45 exp(2z)
+4954.2 exp(3z) — 2053.6 exp(4z) + 327.10 exp(5z).
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truth and log level approximation of order: 1

10 T T T T
0
-10 | | | | | |
0.8 1 12 14 16 18 2
truth and log level approximation of order: 3
100 T T T T
50 / 4
B %
. . . |

. .
0.8 1 12 14 16 18 2
truth and log level approximation of order: 5

0.8 1 12 14 16 18 2

Figure: Log level approximations



No uncertainty With uncertainty Global method Linear-Quadratic

truth and log level approximation of order: 7

T T T T T T
0 N—/_/—*K\J
-50 4
-100 | | | | | |
0.8 1 12 14 16 18 2
truth and log level approximation of order: 9
lO T T T T
0
-10 + i
20 . . . . . .
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truth and log level approximation of order: 12
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10 . . . . . .
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Figure: Log level approximations continued



No uncertaint With uncertainty Global method Linear-Quadratic
y

In(x) & Taylor series expansions at x = 1

() e St = = = N 5ih = = = ogth
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Are LQ & first-order perturbation the

same?
True model:

maxf(x,y,a)
st. g(x,y,a) <b
First-order conditions
fe(xy,a) + Agx(x,y,8) = 0
fy(xy,a) +Agy(x,y,8) = 0
g(x,y,a) = b

o First-order perturbation of this system will involve second-order
derivatives of g(+)
e LQ solution will not
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Benigno and Woodford LQ approach

Basic Idea: Add second-order approximation to objective function
Naive LQ approximation:

+ fX+fy+fa

,55 ! Zxx ny Zxa 35
i 2 | G| | S S S | | T
| a fﬂx fﬂy fﬂﬂ a

+A|-2X -3, — 84|

(7)
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Benigno and Woodford LQ approach

Step |: Take second-order approximation of constraint.

8 X+ 8,y +8,4
~ / = = = ~
or | Z| | S 3w S X 8)
2|y Syx Sy Sya y
a gﬂx gﬂy gﬂll a
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Benigno and Woodford LQ approach

Step 2:Multiply by steady state value of A and add to "naive" LQ
formulation:

1 X ' j:rxx o ngx zxy - ngy f:xa - ngy X
maxminz | Y f_ryx - %gyx jj; v~ %gyy f]; ya %gya y
a — Ao — Ao — Ao a

ax 8ax ay gay aa 8aa

A b—Z - 2F 2,7 — 2|
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